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A Lagrangian approach to thermodynamics
Adam Stokes * The Photon Science Institute, University of Manchester, Manchester, M13 9PL, United Kingdom
The specification of microstates of interacting dynamical systems is different in Lagrangian and Hamiltonian approaches whenever the interaction Lagrangian depends on generalised velocities. In most all cases of physical interest however, velocity-dependent interaction Lagrangians do not couple velocities belonging to different subsystems. For these cases we define reduced system and bath Lagrangian macrostates, which like the underlying microstates differ from their Hamiltonian counterparts. We then derive exact first and second laws of thermodynamics without any modification of the original system and bath quantities. This approach yields manifestly gauge-invariant definitions of work and free energy, and a gauge-invariant Jarzynski equality is derived. The formalism is applied in deriving the thermodynamic laws for a material system within the radiative reservoir. The Lagrangian partition of the total energy is manifestly gauge-invariant and is in accordance with Poynting's theorem.
PACS numbers:
Introduction-The first law of thermodynamics states that the energy change of a system in contact with a heat bath can be partitioned as ∆E = Q + W where Q denotes the heat absorbed from the bath, and W denotes the work performed on the system. The second law states that the entropy change within the system can be partitioned as ∆S s = ∆ i S + βQ where ∆ i S ≥ 0 is called the entropy production, and β −1 is the temperature of the bath. Recent years have seen exciting developments in both statistical mechanics and thermodynamics, which build upon the first and second laws. The most notable of these results are the work and fluctuation theorems [1] [2] [3] [4] [5] [6] . As these thermodynamic results continue to be confirmed in experiments, their validity becomes increasingly well-established [7] [8] [9] [10] [11] [12] Somewhat surprisingly, microscopic derivations of the fundamental laws of thermodynamics are scarce. The main reason for this is that it is unclear how to reconcile the presence of a finite system-bath interaction with the additive structure of the laws themselves [13] . This conundrum seems endemic to a Hamiltonian approach, in which the Hamiltonian is partitioned as H = H s + H b + H i , where H s and H b refer to the system and bath respectively, and H i describes their interaction. The system and the bath must effectively share the energy in the term H i , and it is not obvious whether this energy should be viewed as belonging to the system or to the bath [2] .
When the system-bath coupling is sufficiently weak the interaction term H i can be neglected judiciously in order that the thermodynamic laws can be derived while assuming that H s and H b represent the system and bath energies [14] [15] [16] [17] . The problem of additivity is therefore sharpest in the strong-coupling regime, which has received considerable attention [2, 4, 13] . Some authors have even suggested that if the coupling is strong enough, * Electronic address: adam.stokes@manchester.ac.uk the second law can be violated [18] [19] [20] [21] [22] If one seeks to derive the laws of thermodynamics in complete generality then it is evident that some modification of quantities referring to the system must be made within a Hamiltonian approach [13, 16, [23] [24] [25] . Recently a general formulation of thermodynamics has been given along these lines by Seifert [13] , who employed the potential of mean force concept [2, 13, 23, 26, 27] . Drawbacks of this approach are that the expressions obtained are somewhat unwieldy, and difficulties arise regarding quantisation [13] . There are presently few alternatives to the approach presented in [13] . One notable alternative has been given by Esposito et al. [16, 28] who derived general first and second laws at the expense of including the interaction Hamiltonian within the system energy. The total energy is then extensive, but the averages of system observables cannot be found using the reduced system state.
In general the task of assigning thermodynamic quantities to the system and to the bath is a difficult one. Previous attempts to do this have been based on a Hamiltonian approach [13, 16] . When the Hamiltonian and Lagrangian microstates of system and bath coincide a Lagrangian based approach would be equivalent, as is the case for a Brownian particle for example. Yet, for fundamental interactions whereby forces are supplied by gauge fields the specification of microstates differs in Hamiltonian and Lagrangian approaches. In these cases the interaction Lagrangian depends on generalised velocities.
It is specifically the cases in which the Hamiltonian and Lagrangian approaches are different that we focus on here. In such cases the Lagrangian can be partitioned as L = L s + L b + L i , such that the total energy is extensive; E = E s + E b . A natural identification of the basic thermodynamic quantities is then possible, and the laws of thermodynamics can be derived without approximation. This is achieved without any modification of the quantities that are taken to refer to the "system" and to the "bath". The averages of system observables, including energy, heat, and work, can nevertheless be found using a reduced system state. All thermodynamic entropies are of the usual Shannon-von Neumann type familiar from information theory. Thus, an especially simple theory of Lagrangian thermodynamics emerges, which differs from all previously given approaches based on Hamiltonian microstates [13, 15, 16] .
We begin by introducing the theoretical framework employed. We then derive the first and second laws, along with the Jarzynski equality and a Clausius inequality, within the Lagrangian framework. The physical example in which the thermodynamic system and bath consist of charged particles is then presented. Next we discuss how the Lagrangian definitions relate to gauge freedom within the Hamiltonian definition of work, which has been debated extensively in the literature [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] . Finally, we summarise our findings.
Model-The state space of the thermodynamic system and thermal bath is taken to be a (possibly infinitedimensional) symplectic Hilbert space Ω. We specify a basis b L of Ω in which vector components are assumed to represent generalised coordinates and velocities. The coordinates describing the system are denoted
, while those describing the bath are denoted
Collections of components are denoted with boldface, for example, when i is a discrete index we can write
In the case of field systems the indices i, µ vary continuously. The "dot product" notation · must then be understood as denoting an inner-product between fields, and observable averages must be understood using the general theory of integration in Hilbert space [40] . The pair x = (x s , x b ) represents a state of the system-bath composite. The basis b L gives a division of the state space into system and bath state spaces as
. The Lagrangian L : Ω × R → R describing the system and bath can be viewed as a function of components having the form
where L s (L b ) depends only on the system (bath) state, and L i describes the system-bath interaction. We have allowed for the possibility that the system is externally driven by including a possible dependence of L on a control parameter λ. We assume that the total system also admits a Hamiltonian description. Canonical momenta are defined via a Legendre transformation as . It is important to recognise that this division is not equivalent to that given by b L , because owing to the interaction term in (1) the canonical momenta of the system p i generally depend on x b . Similarly, the P µ depend on x s in general. In other words the bases b L and b H give different specifications of what constitute the "system" and "bath".
The dynamics of the total system trace a path in Ω with symplectic flow F t : Ω → Ω. On the component level the flow maps an initial point y to a point F t (y) = y t at time t > 0. An observable f : Ω × R → R can be viewed as a function f L (x, λ) of positions and velocities, and also as a function f H (y, λ) = f L (x(y), λ) of positions and momenta. We define a time-dependent probability distribution with density ρ such that the average of an observable f at time t is
where ρ(y, 0) is the density at the initial time t = 0. The density satisfies dρ(y t , t)/dt = 0, so that ρ(y, t) satisfies Liouville's equation viewed as a partial differential equation in y and t. Using these results or by noting that F t is symplectic one finds that the invertible transformation y ↔ y t has Jacobian one (Liouville's theorem). Eq. (2) can therefore be written
Eqs. (2) and (3) define the average of an observable viewed as a function of positions and momenta y. In the Lagrangian approach the specification of "system" and "bath" is made in terms of the positions and velocities x. Viewed as a function f L of x the average of f can be written
where ρ L (x, t) := ρ(y(x), t).
Here we are interested in situations for which Lagrangian and Hamiltonian microstates are necessarily different, which occurs for velocity-dependent interaction Lagrangians. Since Lagrangians that couple different velocities tend not to occur in nature, the case of most physical significance is that in which L i is linear in the generalised velocities
where f and g are arbitrary. Eq. (5) implies that the total energy of the system and bath is an extensive quantity;
A significant example of the form in eq. (6) is found in the interaction between matter and transverse radiation. When expressed in terms of y the energy becomes the Hamiltonian H(y).
An important consequence of eq. (5) is that the Jacobian matrix J has the block diagonal form J = diag(J s , J b ) where
The determinant |J| therefore factorises as |J| = |J s ||J b |. This allows us to define reduced system and bath probability distributions with associated densities ρ Ls and ρ Lb given by
which satsify the normalisation conditions
In the Lagrangian approach system observables at time t have the form f Ls (x s , λ t ). The average of such an observable is
Thermodynamics-The specification of the basic thermodynamic quantities and the derivation of the thermodynamic laws now follows with relative ease. The energy of the system and bath are already given in (6) and the extensive form ensures that all sources and sinks of energy are properly accounted for [41] [42] [43] [44] [45] [46] . The change in energy of the total system is equal to the work performed on the system;
The heat absorbed from the bath is
The first law ∆E s = q + w is therefore satisfied on the trajectory level. By averaging this expression one obtains the corresponding first law on the ensemble level. In the Lagrangian approach the heat absorbed by the system is automatically the energy lost by the heat bath, q = −∆E b . Furthermore, using the right-hand-side of eq. (4) the average heat Q := q t can be found using the reduced system density ρ Ls (x s , t), without any modification of the original system or bath quantities. In order to derive the second law we define the entropy in the usual form
Instantaneous system and bath partition functions are defined as Z s,b := dx s,b |J s,b |e −βE s,b . If we assume an initially equilibrated total system, or more generally we assume ρ L (x, 0) = ρ Ls (x s )e −βE b /Z b in which the system density ρ Ls (x s ) is arbitrary, a few lines of calculation yields the change in system entropy as
where (14) is a non-negative entropy production. We have therefore established the first and second laws of thermodynamics within the Lagrangian framework.
Further results can be derived along similar lines. For example, assuming an initially equilibrated total system, using eq. (10) we easily obtain Jarzynski's equality 
The equilibrium free energy difference in (15) refers to the system alone without any modification of the system quantities [2, 13] , and without an assumption of weakcoupling [1] . A fundamental expression that can be obtained easily within the Lagrangian approach, but cannot be obtained in full generality in any obvious way within the Hamiltonian approach, is
where we have assumed ρ L (0, x) = e −βsEs−β b E b /Z s Z b and that the system is not driven ∆E s = q. The non-equilibrium free energy in (17) is defined as (17) is that sgnQ = sgn(β
, which is a concise expression of Clausius' statement; heat will not spontaneously flow from a hotter to a colder system [47] . The proof of (17) uses the identity
which expresses the free energy change as a relative entropy. Inequality (17) is obtained without assuming weak-coupling [48] and without any restriction to thermal operations [43] . Example-We consider point charges e α in the radiation reservoir, which is a paradigmatic example within the open systems approach to thermodynamics [15, 49] . In an open systems treatment based on the Hamiltonian formalism various approximations are made, which are justified on the grounds of weak light-matter coupling [14, 15, 17, 49] . No approximations will be made here.
The particles are driven by external potentials φ e (λ), A e (λ) describing the influence of the external agent. When the bath is purely electromagnetic it is possible to include the inter-particle coulomb energies within the system energy. The bath is described by the gauge-invariant transverse potential A T and associated transverse electric and magnetic fields E T = −Ȧ T and B = ∇ × A T . The system charge and current densities are ρ(x) = α e α δ(x−r α ) and J(x) = α e αṙα δ(x−r α ). The total energy of the system is E = E s + E b where
where V (λ t ) = α e α φ e (r α , λ t )+ β =α U (r β , r α ) and U denotes the inter-particle Coulomb energies. The energy coincides with the Hamiltonian when written in terms of the particle and field canonical momenta conjugate to r α and A T , which are
Note that the particle canonical momenta p α do not coincide with the manifestly gauge-invariant mechanical momenta mṙ α . Unlike the microstates x s = {r α ,ṙ α }, the Hamiltonian microstates y s = {r α , p α }, possess no clear operational meaning. The field microstates are defined in terms of mode quaderatures within reciprocal space. As has been known for some time the classical treatment of the radiation field results in a divergent equilibrium free energy making the introduction of an ultraviolet cut-off necessary. When the field is in a thermal state the partition function Z b can be expressed as a product of single mode functions by assuming periodic field boundary conditions; Z b = k Z k . In the regime βω 1, which constrains the validity of the classical treatment, the classical function Z k = 1/βω associated with the mode frequency ω = |k| approximates the distribution Z k = 1/(1−e −βω ). This distribution yields a convergent free energy and is obtained from a quantum description of the field.
Using eq. (19) the rates of heat and work changes in the particle system are found to bė
The equalityq = −Ė b can be obtained from Poynting's theorem, for the change in energy within a volume containing the particles by choosing the volume to be the whole space at the boundary of which the fields vanish.
Gauge freedom-The Lagrangian approach also sheds light on the issue of gauge freedom within the definition of work [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] . The authors [29] were the first to point out that the work defined byẇ =λ t ∂H/∂λ t is not unique due to the possibility of gauge freedom H → H + g(t) in the Hamiltonian. Here g is an arbitrary time-dependent function. It has been suggested that when defined in terms of the Hamiltonian the quantity −β −1 ln(Z t /Z 0 ) does not generally coincide with the system's free energy difference. However, eqs. (10) and (16) give gaugeinvariant definitions of work and free energy in terms of the energy E s directly. The resulting Jarzynski equality (15) is valid, independent of a possible freedom to choose the Hamiltonian.
For example, let us consider charged particles in an external field. The Lagrangian describing this situation is
where L s is the total kinetic energy of the particles. Performing a gauge transformation of the external potentials (φ, A) → (φ −χ, A + ∇χ) leaves the Lorentz force equations unchanged. The interaction L i = L − L s changes under the gauge transformation by the addition of a total time derivative; L i → L i − g(t) where g(t) := − α e α dχ(r α , t)/dt. The canonical momenta therefore transform as p α → p α − e α ∇ α χ(r α , t), and the Hamiltonian changes as H → H + g(t). However, E s = αṙ α · ∂L s /∂ṙ α − L s is manifestly invariant under the gauge transformation. The work, heat and free energy defined in terms of E s are gauge-invariant.
Conclusions-We have derived the first and second laws of thermodynamics using a Lagrangian approach rather than a Hamiltonian approach for certain important cases in which the two approaches differ. The Lagrangian formalism allows for an identification of the system and bath microstates such that the total energy is an extensive quantity. Although valid for any coupling strength the resulting thermodynamic theory is conceptually very simple. Heat and work components of the system's energy changes result from implicit and explicit time dependence respectively, and all thermodynamic entropies are defined in the same way as in information theory. A further advantage of the Lagrangian approach is that the microstates are manifestly gauge-invariant. This implies in particular, that no gauge-dependence issues arise within the definitions of work and free energy. As an example application of the formalism we have considered charged particles in the electromagnetic field. Unlike the Hamiltonian approach the Lagrangian approach yields a thermodynamic partition of the total energy which is consistent with the electrodynamic definition of transverse energy-momentum.
We have not discussed the quantisation of the theory in this letter. Formally quantisation can be carried out straightforwardly via the usual procedure of promoting variables to operators and replacing Poisson brackets with commutators. However, since the interaction is described through non-commutativity (with respect to the Poisson bracket) of the system and bath observables, upon quantisation the system and bath would not comprise conventional quantum subsystems. The system and bath must instead be viewed as dressed due to their in-teraction. A complete treatment of the quantum case is left for further work.
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